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Driven torsion pendulum for measuring the complex shear modulus 
in a steady shear flow 
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Abstract: To investigate the viscoelastic behavior of fluid dispersions under 
steady shear flow conditions, an apparatus for parallel superimposed oscillations 
has been constructed which consists of a rotating cup containing the liquid 
under investigation i which a torsional pendulum is immersed. By measuring 
the resonance frequency and bandwidth of the resonator in both liquid and in 
air, the frequency and steady-shear-rate-dependent complex shear modulus can 
be obtained. By exchange of the resonator lumps it is possible to use the instru- 
ment at four different frequencies: 85, 284, 740, and 2440 Hz while the steady 
shear rate can be varied from 1 to 55 s -1. After treatment of the theoretical 
background, esign, and measuring procedure, the calibration with a number of 
Newtonian liquids is described and the accuracy of the instrument is discussed. 
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radius of the lump 
geometrical constant 
inner radius of the sample holder 
constant 
apparatus constants 
damping of the pendulum 
Cartesian basis 
orthonormal cylindrical basis 
geometrical constant 
relative strain tensor 
function of shear rate 
relative deformation tensor 
memory function 
complex shear modulus 
Re(G]~) 
Im(G I~) 
distance between plates 
transfer function 
functional 
imaginary unit: i 2 = - 1 
moment of inertia 
excitation current 
amplitude of Jexc 
complex wave number 
K torsional constant 
K fourth order tensor 
l length of the lump 
L mutual inductance 
Mar driving torque 
Mliq - torque exerted by the liquid 
Mliq,Mli q steady state and dynamic part of 
Mliq 
n power of the shear rate 
p isotropic pressure 
Q quality factor 
r radial position 
R,Ro, R c Re(Z* ,Z~,Z*)  
s time 
t, t' time 
T temperature 
T, °T,/~ stress tensor 
u velocity 
U lock-in output 
v 0 velocity 
Vde t detector output voltage 
Vsig, Vcr signal and cross-talk part of Vde t
x Cartesian coordinate 
X,  Xo, X c Im(Z* ,Z~,Z*)  
y Cartesian coordinate 
z Cartesian coordinate, axial position 
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Z*, Z~, Z* impedance 
a angle 
?)0 steady shear rate 
fi penetration depth 
fi(t) Dirac delta function 
e cylindrical angle 
( phase angle 
tl* = ~ ' - i t l "  complex viscosity 
d cylinder angle 
)L wave length 
relative displacement 
Go amplitude of oscillation 
n 3.14 . . . .  
0 density 
a dynamic shear stress 
r shear stress 
r0 steady-state shear stress 
q~ angular position 
Z function of co 
co angular frequency 
coo, c°~ ac resonance frequency 
AO~, ACO vac bandwidth 
f2 angular velocity 
1. Introduction 
Linear viscoelastic measurements on non-Newto- 
nian liquids (polymer melts and solutions, disper- 
sions, emulsions, etc.) have proven to produce 
valuable data for the characterization of the micro 
structure in equilibrium of the liquid considered [7, 
13, 16]. By superimposing small amplitude shear 
oscillations upon the steady shear flow, one is able to 
gain some insight into the steady shear flow micro- 
structure. This technique was applied in the 1960s on 
concentrated polymer solutions, mainly using com- 
mercially available instruments in the low-frequency 
regime [3, 4, 8]. Those instruments are not sensitive 
for fluid dispersions which exhibit a too small linear 
regime. These fluid dispersions exhibit, under steady 
flow, viscous and/or elastic effects which can be quite 
different from the linear rheological behavior at rest, 
due to changes in the microstructure. To investigate 
such behavior, an apparatus has been constructed 
with which one measures the complex dynamic shear 
modulus using superimposed oscillations upon a 
steady shear flow. The apparatus consists of a 
rotating cylindrical cup, containing the liquid under 
investigation, in which the cylindrical lump of a tor- 
sional pendulum is immersed coaxially. The measur- 
ing method is based upon the determination of the 
resonance frequency and the bandwidth of the 
resonator immersed in the liquid and in air, respec- 
tively. From the difference between the measurements 
in the two media the liquid impedance is obtained, 
and from this, the frequency and shear ate dependent 
shear moduli G' and G" are calculated. 
After a theoretical treatment in Sects. 2 and 3 of the 
relations between G' and G" on the one hand and the 
resonance frequency and bandwidth on the other 
hand, the instrument and the measuring procedure 
are described in Sect. 4. In Sect. 5 the calibration of 
the apparatus with the help of some Newtonian liq- 
uids is presented and the accuracy obtained is dis- 
cussed. The paper ends with a short discussion of the 
results in Sect. 6. 
2. Relation between the dynamic shear moduli 
and the measured liquid impedance 
In order to define the dynamic shear moduli in a 
steady state shear flow and to relate these moduli to 
the measured impedance, a general expression for the 
constitutive quation is taken as a starting point. Ac- 
cording to the simple fluid theory of Truesdell and 
Noll [14] the stress in an incompressible fluid is a ten- 
sor valued functional of the history of the relative 
strain tensor: 
oo 
T(t)  = -p ( t ) l  + ~ {Et( t -s)} , (1) 
s=0 
with T(t)  the stress tensor at time t, p ( t )  the undeter- 
mined isotropic pressure at time t, E t ( t - s )  the 
relative strain tensor at time t' = t - s ,  and f the ten- 
sor valued functional. The relative strain tensor can 
be expressed in the relative deformation gradient: 
Et ( t - s )  = l ( rT ( t - s )F t ( t - s )  - 1) , (2) 
with F t the relative deformation gradient and F T its 
transpose. In the case of a purely viscometric flow the 
stress tensor becomes a tensor valued function of the 
rate of strain. Superposition of a small amplitude 
oscillatory shear flow on this flow results in a nearly 
viscometric flow as defined by Pipkin and Owen [9]. 
For such flows the functional ~can be expanded 
around °Et ( t - s  ), the relative strain tensor in the 
pure viscometric ase: 
{E t (t - s )} = ~ {°E t(t - s )} + c~ {°Et;/~ (t - s)} , 
(3) 
with l~t ( t - s )=Et ( t - s ) - °E t ( t - s )  the oscillatory 
part of the relative strain tensor and &el the Fr6chet 
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differential of Y at °E t [15]. Higher orders in this ex- 
pansion are omitted. Hence, the stress can be express- 
ed as 
T(t) = -p l  + °r+ T(t) , (4) 
in which °T the purely viscometric part of the stress 
and 7~(t) = 6o~f{°Et; ff~(t-s)} the nonviscometric part 
of the stress. This can be rewritten as [11]: 
T(t) = ; K(°Et,s): ff~t(t-s)ds ; (5) 
-oo  
K is a fourth order tensor and the : indicates a double 
contraction. If  °E t = 0 Eq. (5) reduces to the con- 
stitutive quation for a linear viscoelastic material. In 
the linear viscoelastic theory the tensor K reduces to 
a scalar function due to the isotropy of the liquid 
under investigation. In the case of nearly viscometric 
flow, however, the isotropy of the liquid can be 
broken by the steady-state shear flow. It can be shown 
on symmetry-grounds that there exist 13 independent 
components [11]. 
The flow between parallel plates, as sketched in 
Fig. 1 a, is now regarded as a nearly viscometric flow. 
The steady-state flow field at time t' relative to time 
t is characterized by 
x(t') = x(t) + ( t ' -  t) YoY 
y(t') =y(t )  (6) 
z(t') = z(t) , 
with respect o an orthonormal base {ex, ey, ez}. Here, 
iJo = vo/h is the steady-state shear rate. Using Eq. (2), 
°Et(t-  s) is calculated: 
e 1 s 2 .2  °Et( t -s  ) = --~SYo(exey +ey x)+T Yoeyey . 
(7) 
Superimposing a small disturbance ~(t,y) (which is a 
function of t and y only) parallel to the steady-state 
shear flow results in 
x(t') = x(t) + ( t ' -  t)~oy + ~(t ' ,y ) -  ~(t,y) 
y(t') =y(t )  
z(t') = z(t) . 
(8) 
Again, with Eq. (2) evaluation of ff~t(t-s) yields 
Et ( t - s ,y )  = ~ ~( t - s ,y )  
° )  -~y~(t ,y )  (exey+eyex) 
+[  - sp° (8 - -~( t - s 'y ) -8 - -~( t 'y )  ) \ O y  0y 
+-  ~( t - s ,y ) -  ~(t,y) eyey . 
2 
(9) 
h 
(a) 
e -y  V o 
> 
u(t,y q-(y+dy) 
e_ x > 
~eoeXp(icot) 
(b) 
i er 
Fig. 1. Panel a: The flow field between parallel plates; h distance between plates, v 0 velocity of the upper plate, 40 ampli- 
tude of oscillation of the lower plate, co its angular frequency, u(t,y) the velocity at height y and time t, r the shear stress. 
Panel b: The flow field between concentric ylinders; a is the radius of the inner cylinder, b the radius of the outer cylinder, 
f2 the angular velocity of the outer cylinder, e0 the angular amplitude of oscillation of the inner cylinder, 09 its angular 
frequency, r the radial position in the liquid and e r, % unit vectors of the orthonormal basis 
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In the geometry considered, only the (xy) component 
of the stress tensor is involved. Evaluating this compo- 
nent, one obtains from Eq. 5): 
~xy (t) = [Kxyxy(i'o,S ) - i, os Kzyyy(%,s  )] 
- -0o  
(1o) 
In the evaluation the symmetry-relation: Kxyxy= 
kxyyx has been used and the quadratic term in 
[~y~(t -s ,y ) - -~y~(t ,y ) ]  (which is small with respect 
to its linear term) is neglected. Defining 
011 (~o, S) = Kxyxy(~o,S) - ~osKxyyy(~o,S) 
-- ~ [Kxyxy@O,S') 
- -  oo  
-- f los' Kxyyy (~o,S')]  ds' fi (s ) , 
with O(t) the Dirac delta function, Eq. (10) reduces to: 
0 
Txy(t,y) = -oo ~ Gll(f~°'s)'-~y ~ ' ( t - s 'y )ds"  
where i2 = - 1 and co is the angular frequency of the 
oscillating plate. In order to obtain the solution for 
this problem, one can start with a trial function 
~(t,y) = ~(y)e i~t. The partial differential equation 
then reduces to the well known harmonic equation: 
~(y)+(k*)2.~(y)  = o .  (15) 
Writing down this expression, one introduces the 
complex number k * = k' - ik"  with k" >_ O, defined 
by: 
(k*) 2 = Qo)2/G~(~)o,O)) . (16) 
The formal solution is given by 
~(t,y) = ~o eic°t sin [k* (h-Y)]  , (17) 
sin (k* h) 
(11) representing a shear wave induced by the oscillating 
plate with wavelength 2 = 2n/k '  and penetration 
depth ~ = 1/k". Now, the oscillatory part of the shear 
stress a = 7~xy is obtained from Eq. (12). At y = 0, 
this is the oscillatory part of the stress on the 
(12) oscillating plate: 
From the last expression, it is obvious that the non- 
viscometric oscillatory parts of the stress and strain can 
be handled as in the linear viscoelastic theory. Thus, 
the complex shear modulus G](?)0,e)) is defined as 
the Fourier Transform of 011 0)0, t). 
The next step is the calculation of the shear stress 
exerted by the liquid on the oscillating plate. Con- 
sidering a fluid element, as indicated in Fig. 1 a, com- 
bining Eqs. (4) and (12) with the equation of motion: 
8u Or 
Q - , in which u(t ,y)  is the velocity (in x-direc- 
Ot Oy 
tion) and r = Txy, yields 
g ~(t,y) 
= (~y)  2 ~ O l l (~° 's )~( t -s 'y )ds  (13) 
The boundary conditions for this geometry are given 
by 
{(t ,y  = O) = ~o eiwt 
(14) 
u(t ,y  = h) = Vo , 
a ( t ,y  = O) = - (~o92/k *) cot (k*h)~o ei~t . (18) 
The total stress on the plate is 
r ( t ,y  = O) = °Txy(Po) + a(t ,y  = O) . 09) 
Similarly, as in the analysis of the linear viscoelastic 
case [5], the characteristic impedance of the liquid on 
the plate is defined by Z~ = - a(t ,y  = O)/~(t,y = 0). 
With Eqs. (17) and (18) in mind, one obtains for this 
impedance 
z~' ~ = - -  cot (k* h) . (20) 
ik* 
In the case of surface loading the induced shear wave 
is damped out before it reaches the other plate at 
t t  y = h: k h ~> 1, thus, the expression for the impedance 
reduces to 
Z~ = QoJ/k* (21) 
In the apparatus considered in this paper the 
loading on the lump of the surrounding liquid is com- 
posed of two parts, one due to the planar shear waves 
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from the top and bottom of the lump, the second due 
to the cylindrical shear waves from the side. Thus, an 
expression for the cylindrical impedance is needed, 
too. Therefore, the general expressions in Eqs. (1) 
- (5 )  are examined for a cylindrical geometry in 
which the outer cylinder rotates with a constant 
angular velocity and the inner one describes a small 
amplitude oscillatory angular motion, as sketched in 
Fig. 1 b. The flow field at time t' relative to time t is, 
in this case, given by 
¢ (t') = 0 (t) + (t' - t)f(r) + e (t', r) - e (t, r) 
r(t') = r(t) 
z(t') = z(t) , 
(22) 
with respect o the orthonormal base {ee, er, e z} for 
cylindrical coordinates. Here, f(r) is the viscometric 
part of the angular velocity of the fluid at a distance 
r from the axis. Evaluation of the viscometric and the 
oscillatory parts of the relative strain results in 
°Et(t -s  ) = -½Sgo(e, r+ereo)+ t~-S2?joe~e~'2 , (23)  
where ee and er are considered at time t, and 
l~t(t -s)= 1-r(~e(t-s)-~rre(t)2 (ecer+eree) 
- sgor (~re( t - s ) -~e( t )  ) erer " (24) 
The steady-state shear rate Yo is related to f(r)  ac- 
cording to 90(r)= rOf/Or. The (Or) component of 
the stress tensor/~ is obtained in the same way as irxy 
in Eq. (12), using Eq. (5): 
Tor(t,r)= ~ Oi l (9o(r ) ,s ) r ;e( t -s , r )ds  (25) 
- -00  
0u ~r and the equation of motion: 0~ = (l/r2) [rZz(r)], 
with r = T,r, and u the velocity in q~-direction is
transformed to (°)2 
~ e(t,r) 
= ~r _~ r30ll (9o(r ) ,s )~e(t -s , r )ds  , 
(26) 
with boundary conditions 
e(t,r = a) = go ei°~t 
e(t,r = b) = 0 , (27) 
where a is the radius of the lump and b = a + h being 
the radius of the outer cylinder. 
Note that for )~0 ¢ 0, Oil (90(r),t) implicitly de- 
pends on r. Therefore, the situation for 90 = 0, where 
0 and k* are independent of r, will be considered 
first. Using a trial function e(t,r)= g(r)e i~t and 
defining ~(r) = rg(r) evaluation of Eq. (26) gives the 
Bessel equation of order 1: 
~( r )+r~{(r )+ (k*) 2 -  ~( r )=0 . 
(28) 
A formal solution of this equation which fulfills the 
boundary conditions is given by: 
H~ 2) (k* r)H~ ~) (k* b) - H~ 2) (k* b )H~ 1) (k * r) 
~(r) = ae 0 H{2)(k, a)H~l ) (k, b)_H~2)(k, b )H~l)(k, a) , 
(29) 
where H(~l)(x) and H(n2)(x) are Hankel functions of the first and second kind of order n. The oscillatory part 
of the shear stress a = T~r on the lump r = a can be obtained using Eq. (25): 
I H~2)'(k*a)H~1)(k*b)-H~2)(k*b)H~l)'(k*a) I ei°~t 
a(t ,a)= Gl~e o k*a (2) , (1) , (2) , H 1 (k a)H 1 (k b ) -H~ (k b)H~l)(k*a) 1 
(30) 
where H~ 1)' (x) and H~ 2)' (x) are the derivatives of H~ 1) (x) and H~ 2) (x), respectively. Applying the rules for dif- 
ferentiation of Hankel functions as given by Abramowitz and Stegun [1], one obtains for the characteristic 
cylindrical impedance Z* = - a (t, r = a)/(a,  e (t, r = a)): 
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The last expression is difficult to evaluate numerically where ( t ,  r)  = r ( t , r ) .  With the factorization 
because of the complex arguments of the Hankel ((t,r) = f(r)eZot, this is equivalent to 
functions involved. If the radius of the lump is not to 
small, I k* a 1 s- 1, an expansion of the Hankel func- 
tions for large arguments [I] is appropriate and - w2ef(r) = (po(r), - f(r) . (35) 
Eq. (31) reduces to: ar 1 
1 +- (15 + 3 cot2 [k* (b - a)]) 
8k*a 
Defining H(r) as a primitive of f(r), Eq. (35) can be 
written as 
-- [I + cot2 [k* (b -a)]) . 1 (32) where k*(r) has been defined in Eq. (16) and is a 8k*b function of r. Using the WKB approximation [6], one 
states: H(r)  = ~ e ' @ ( ' ) .  Then the following approx- 
In the case of nearly surface loading, kU(b - a)+ 1, the imate ~dut i0ns  for H(r) and {(r) are obtained: 
impedance is approximated [cot (2) = i(l + 2e -2iz) 
and cot2(z)= -(I +4e-2iz)] by H(r) = A  [k* ( r ) ~ - " ~  exp - i k* (r')drr (37) i :  I 
This is equivalent to the expression given by Schrag 
and Johnson [12], who neglected the second bound- 
ary and so omitted the term with e-2ik*(b-a). 
In order to obtain a first-order correction due to the 
r-dependence of ~ ~ ~ ( y , ( r ) , t )  the curvature of the 
geometry is ignored by considering r3  in Eq. (26) as a 
constant, which is equivalent with the case of parallel 
plates, but with a y-dependent CII .  Then, Eq. (26) 
reduces to: 
In the last expressions surface loading is assumed. 
These solutions are valid as long as 
which means that the variation of both the 
wavelength and the penetration depth with r has to be 
sufficiently small. With Eq. (38) the characteristic im- 
pedance Z,* can be calculated as before: 
\ 7 
(34) Considering now the first-order corrections due to the 
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curvature and due to the r-dependence of ~0 
[Eqs. (33) and (40)], one finally obtains 
Z c - 
k* (a) 
x 
2009a k-~a) 1 + - -  3k*(a) k, 8r J r= .  
(41) 
Then the total impedance on the lump Z*= 
--]~'/liq/~c, where ]~//liq is the dynamic part of the tor- 
que exerted on the lump is given by 
/ra 4 
Z* = 2na3 lZ  * + Z~ , (42) 
COS a 
where Z~ = Qco/k*(a),  while l is the length of the 
cylindrical part of the lump and a a small angle the 
top and bottom surfaces make with a plane perpen- 
dicular to the pendulum axis (see Fig. 2). With 
Eq. (21) and the definition of k* [Eq. (16)], one final- 
ly obtains the expression relating G~ and Z*: 
0 
X ( A,[ l+2 i~E - -Z  l + - -  
mQ 2I  3k*(a) 8r ,/r= 
(43) 
where A/2 I= (2na31+na4/cosa)  -1 and E= 3// 
(2a l+a2/cosa)  are geometrical constants of the 
pendulum and I is the moment of inertia of the pen- 
dulum mass. In Eq. (43) G ~ is implicitly given due to 
the last term in the square brackets. Therefore, GII 
has to be calculated in an iterative way, starting with 
8k* /Sr=O.  In most cases a(Sk* /Sr ) r= J [3k* (a ) ]  
< 1, and the series of solutions converges very rapid- 
ly. The complex viscosity r/~ can be calculated with 
the help of: G~0)0,co) = io)r/~0)0,og). 
3. From resonance frequency and bandwidth 
to the liquid impedance 
As one observes from the diagrams in Fig. 2, the 
lump, which contains a permanent magnet, is driven 
by two excitation coils positioned just outside the 
(a) 
sN t N 
N t N4  
6N l 
(b) 
Fig. 2. Panel a: schematic view on the resonator set-up 
defining the radii a and b, the length l, and the angle a. 
Panel b: the magnet-coil system: 1,2 excitation-, 3,4 detec- 
tion-, 5,6 noise suppression coils, 7 the magnetic dipole 
direction; the small arrows indicate the winding sense of the 
coils 
rotating sample holder; hence, the pendulum 
oscillates in a forced harmonic vibration, which is de- 
scribed by 
IO'+ (D + Z* )g~ + Kt9 = Mdr -} -°Ml iq  , (44) 
where I is the moment of inertia of the lump, K the 
torsional spring constant, D the constant internal 
damping, -Z*  ~ the dynamic part of the torque due 
to the surrounding liquid, Mdr the driving torque on 
the lump, and 0Mli q the steady-state part of the tor- 
que exerted by the liquid due to the viscometric part 
of the flow field. For the small angular amplitudes ap- 
plied, the driving torque is proportional to the current 
through the excitation coils: 
Mdr  = C 1 eiC Jex c = C I ei~ JoeiOJt . (45) 
Due to eddy currents induced in the lump itself this 
torque will not be completely in phase with the cur- 
rent Jexc, so a phase factor e g~ is introduced. The 
response of the lump is detected by two coils perpen- 
dicular to the excitation coils. The voltage induced by 
the vibrating lump in the detection coils Vsig is for 
small angular displacements proportional to the 
angular velocity 9: 
Vsig = C2 t) . (46) 
The excitation coils also directly induce a perturbing 
signal, a so-called cross talk: 
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Vcr = L)exc , (47) 
where L is the mutual inductance between excitation 
and detection coils; this inductance is not purely real 
but the imaginary part is much smaller then the real 
one. This cross talk is reduced as much as possible by 
the orthogonal coil setup. The complex transfer func- 
tion H*  = Vdet/Jex c, with Vde t = Vsig + Vcr, is obtained 
by differentiation of Eq. (44) and substitution of 
Eqs. (45) - (47): 
H*(og) = iogL -~ C1C2ei~ 1 - ix(o9) (48) 
R+D 1 +X2(o9) ' 
where X(og) = ( Io92+Xog-K) / [ (R+D)og l ,  R = 
Re (Z*) and X = Im (Z*). Due to the high quality fac- 
tor Q of the resonator [X -x (R  +D)]2~4KI  for low 
viscous fluids in the frequency range of interest, and 
the expression for Z(og) reduces to 
X (o9) = 09 - o9_________o 0 , (49) 
Ao9 
where o90 = (K / I ) l /2 -X / (2 I )  is the resonance fre- 
quency and Ao9 = (R+D) / (2 I )  is the bandwidth of 
the measured resonance curve [Eq. (53)], i.e., the half 
width half maximum of 1/[1 + Z2(o9)]. Measuring o90 
and Ao9 both in liquid and in vacuum yields the infor- 
mation to obtain Z* = R + iX: 
R = 2I(AO9 - AO9 vac) 
X = 2I(o9~ a~ - 09o) . 
(50) 
The results of the last two sections, Eqs. (43) and (50), 
establishes how Git, Gi[ can be deduced from the 
measurable quantities 0)0-o9~ac and Ao9- Ao9vaL 
4. Description of the instrument and the measuring 
procedure 
The instrument discussed is an extension of the tor- 
sion pendula developed in our laboratory some years 
ago by Blom and Mellema [2]. At that time, much at- 
tention had been paid to the mechanical and thermal 
stability of the pendula and the excitation and detec- 
tion system. Resonator details are copied for the pre- 
sent purpose, as is the magnet-coil system. The con- 
struction of a rotating sample holder is new. In addi- 
tion, the detection is improved in order to Suppress 
disturbing signals originating from rotating parts of 
the apparatus. Mechanical details are given in Fig. 3, 
while the electronic set-up is given in Fig. 4. 
U7 
4~ '1 
Fig. 3. Mechanical layout of the instrument: 1 resonator 
mass (lump), 2 torsional rod, 3 sample volume, 4 sample in- 
let, 5 thermostat water inlet, 6 thermostat water outlet, 7 
coil, 8 rotating lass tube, 9 outer glass tube, 10 ball bear- 
ings, 11 gear-wheel for drive, 12 base plate, 13 resonator 
bracket, 14 frame 
It is possible to easily exchange the resonator lumps 
by unscrewing the resonator bracket from the base 
plate at the upper side and removing the resonator 
along this side. Hence, the instrument can be operated 
at four different resonance frequencies. These fre- 
quencies are given in Table 1 together with the dimen- 
sions of the four resonators. The angle a is for all 
resonators 15 ° and the inner radius of the sample 
Fig. 4. The electronic set-up of the measuring system: 1 fre- 
quency synthesizer, 2 drive of the rotating sample holder, 3 
lump with magnet, 4excitation and detection coils, 5 lock-in 
amplifier, 6reference signal, 7 in phase output, 8 IEEE-bus, 
9 microcomputer, 10 thermostat 
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Table 1. Pendulum dimensions and characteristics in vacuum at 25 °C 
Pendulum a I I 0)0/2 lr Q 1 00) 
number [mm] [mm] [ 10 - 7 kg m 2] [ I - ' Iz] = 0)0/2 Am 
co 0T 
[10-5 K -1 ] 
1 12.0 27.0 72 84.966 7000 - 1.4 
2 12.0 27.0 72 283.211 15 000 - 1.4 
3 5.5 18.0 2.1 739.432 9000 - 1.7 
4 5.5 18.0 2.1 2440.44 15 000 - 3.0 
holder b is 14 mm. The amount of sample needed is 
15.10-6m 3 for the two lower frequencies and 
25-10 -6 m 3 for the other frequencies. 
In Sect. 2 surface loading k"h>>l was assumed. 
From Eq. (20), one obtains in the case of nearly sur- 
face loading: 
Z~=(Q~.)  (l+2e-2ig*h) • (51) 
With the last equation, one is able to estimate the 
range of t/' and I/" for which the error introduced by 
assuming pure surface loading is smaller than the ex- 
perimental error. In the next section the experimental 
error will be considered. The relative experimental er- 
ror in t/' and t/" appears to be about 1% of I t/* [ or 
more for the four pendula, so the relative error due to 
the approximation must be smaller than 1%: 
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Fig. 5. The operational range of the pendula in the ~' - t/" 
plane. For the area under the plotted curves the error due 
to the assumption of surface loading is smaller than 1%. 
The numbers indicate the pendulum number 
I At/* I / I t/* ] < 0.01. From Eqs. (16) and (21) and with 
io)t/* = G*, one obtains: icoot/* = (Z~) 2, so 
[At/*/t/*l = 2 [AZUZ'~], and with Eq. (51): 
[ At/*/t/* I = 4 exp ( -  2h/~)<0.01,  with f i= 
[o)0(It/* I - t / " ) / (2  i t/ .  i2)]-1/2 the penetration 
depth, which means that h/fi has to be _> 3. In Fig. 5 
the permissible ranges for t/' and t/" are indicated for 
the four different pendula by the region below the 
plotted curves, assuming a fluid density 
0 = 1000 kg/m 3. 
The double-walled sample holder is constructed 
from glass tubes. Between these tubes water circulates 
for temperature control. The inner tube is able to 
rotate and is driven by a tacho-controlled motor, 
mounted 1 m below the resonator in order to prevent 
electromagnetic disturbances. The motor is coupled 
to the inner tube of the sample holder by a long ver- 
tical shaft, a belt and a gear-wheel made of polyoxy- 
methylene. The rotational transmission ratio from 
motor to sample holder is 20:72. The motor can be 
controlled between 0.07 and 4 rpm, resulting in an 
angular velocity of the sample holder between 0.1 and 
7 rad s-  1. Assuming a power-law dependence of the 
viscometric shear stress T0 on the steady shear rate, 
?0:r0 = c ))8, the relation between the angular veloci- 
ty f2 and the steady shear rate on the side of the lump 
is given by: 
2b 2/n f2/n 
Yo - bz/n_ aZ/n , (52) 
thus, for a Newtonian liquid (n = 1 ) ?)0 is adjustable 
from 0.75 to 50 s-  1 for resonators 1 and 2, and from 
0.24 to 16 s -1 for resonators 3 and 4. 
As mentioned, the magnet-coil system is copied 
from the older pendula, the two additional detection 
coils for far field noise reduction included. Only the 
distances to the lump are slightly different, so one has 
to adjust the values for Cz as measured by Blom and 
Mellema [2]: C2 = 6.6.10 -3 Vs/rad 2 for resonators 1
and 2, C2 = 1.6.10 -3 Vs/rad 2 for resonators 3 and 4. 
These corrected values are, within 5 %, equal to values 
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obtained from a calculation of the magnetic flux 
through the detection coils. With a lowest detectable 
(10% accuracy) output voltage of ---10 gV, this 
means that the smallest angular amplitude is 
O0=3"10-6rad at 85Hz and t90=1.5.10 -6 at 
740 Hz, thus, the smallest operational shear ampli- 
tude )3 becomes 3.105 and 1.5.10 -5, respectively. 
The current through the excitation coils is 
generated by the frequency synthesizer (HP 3325A). 
The settings of this synthesizer are controlled by a 
microcomputer (Olivetti M 240). To eliminate the in- 
fluence of the cross talk as much as possible, the out- 
put voltage is measured using a lock-in amplifier 
(PAR 5204). As reference signal the current Jexc is 
used. During a frequency scan the amplitude J0 of 
this current is constant within 0.5%. By phase adjust- 
ment of the lock-in, its output U(co) can be made 
symmetrical around the resonance frequency coo. In 
that case the adjusted phase is equal to -~  [see 
Eq. (48)1 and: 
U(co) = Re(H* (co)e -g )  
C 1 C 2 1 
~- coL sin ( . (53) 
R +D I + z2(CO) 
The small term coL sin ( is constant within 1% in the 
relatively small frequency range considered. The out- 
put signal of this lock-in amplifier is read by the 
microcomputer, which also controls the motor of the 
rotating sample holder. 
In a typical measurement resonance curves are 
taken for a certain number of steady shear rates. The 
1.20 
1.00 
o.oo  
0.60  
D 
0,40  
0 .20  
0 .00  i 
282,50  283 .00  2B3.50  
co /2~ ( Hz ) 
Fig. 6. A typical resonance curve as measured with pen- 
dulum 2 at ))0 = 27.9 s- a for 1-butanol. The + symbols in- 
dicate the measured output signal from the lock-in, while 
the curve represents he best least squares fit to the data 
points which resulted in COo/2n = 283.031 +0.001 Hz and 
Aco/2n = 0.185 _+ 0.003 Hz, respectively 
reference measurements were performed at ?)0 = 0 in 
air instead of in vacuum, hence, to obtain the band- 
width in vacuum a small correction is needed on the 
order of one-fifth of the bandwidth measured in air. 
A typical resonance curve is shown in Fig. 6, where 
the lock-in output signal U(co) has been measured for 
co between co o -2  A co and coo + 2Aco. The theoretical 
curve [Eq. (53)] is fitted to the experimental data 
points, using a least square fit procedure based on the 
Levenberg-Marquardt method, as described by Press 
et al. [10]. From such a fit values for coo and Aco are 
obtained. With those values and the values for co~ac 
and Aco vac, as obtained from the reference measure- 
ment, G]I(?)0, co) and Gi[0)o, co) are calculated or, 
equivalently, r/ il (?)0, co ) and t/ ii (?)0, co ). Typical 
measuring time of one frequency curve is about 5 rain 
for the lowest frequency and less than 2 min for the 
other frequencies. 
5. Calibration and performance 
The validity of Eqs. (43) and (50) has been checked 
experimentally for the four pendula. In Table 1 the 
characteristics of the pendula in vacuum are given. 
Also listed is the thermal stability. This stability is of 
great importance for the accuracy of the instrument. 
If one wishes to determine, for instance, the viscosity 
of water within 1%, a variation of the frequency 
Aco/co as small as 2.10 -6 is needed. Thus, due to the 
high thermal stability a variation of 0.1 ° C in the tem- 
perature of the instrument is allowed. 
Table 2. Properties of the Newtonian calibration liquids at 
25 °C 
Sample Density Viscosity 
[kg'm -3 ] [mPa" s] 
hexane 653 0.294 
ethanol 790 1.1 
1-butanol 807 2.6 
dibutylphthalate (DBP) 1040 16.2 
di(ethyl-hexyl)phthalate (DEHP) 978 58.0 
Table 3. The calculated and experimentally obtained values 
for the geometrical constants 
Pendulum Ac~ c Ameas Ecalc [mEme-a]] 
number [kg. m-2] [kg'm-2] [m- 11 
1 40+1 39.50_+0.03 102_+2 110_+4 
2 40_+1 39.51+0.04 102_+2 99+5 
3 19.3+0.5 19.29_+0.02 35+5 257-+8 
4 19.3+0.5 19.34-+0.03 235+5 210+20 
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With the help of five different Newtonian liquids 
the geometrical constants A and E [see Eq. (43)] are 
determined. From Eqs. (41) and (42), one obtains for 
a Newtonian liquid: 
A (Ao9 - Ao9 vac)= Ro+Et/ , (54) 
where Ro=Xo(~Ocot//2) 1/2. At 25.0°C and zero 
steady shear flow, the resonance frequencies and 
bandwidths of the resonators immersed in the calibra- 
tion liquids are determined. From the measured band- 
widths the constants A and E are calculated with a 
least square fit of Eq. (54). The results are given in 
Table 3, together with the calculated values for A and 
E. For this calculation the data of Table 1 have been 
used. The agreement between calculated and mea- 
sured values is quite good for all the pendula. The 
rather large error in the measured E-values does not 
influence the accuracy of G~ very much, because the 
value of the correction term lEA Z* /o~I  in Eq. (43) 
is, at most, 0.05. 
Next, the reproducibility of the resonators was 
studied with the help of the Newtonian liquids, both 
for 70 = 0 and for ~0 4: 0, by repeatedly measuring at 
fixed ~0 values. The experimental ccuracy has been 
estimated from the measured reproducibility. In the 
case of ~0 4:0 the whole available range of the shear 
rate was scanned. These results are collected in 
Table 4. Inspection of this table shows that, for 
Y0 = 0, an accuracy of better than 3°70 in the viscosity 
can be obtained, while for ~0 :~ 0 the accuracy is bet- 
ter than 5%. From the experimental data also a value 
for t/" can be calculated, which, of course, has to be 
zero for Newtonian liquids. From the spread in the 
obtained values for t/" an accuracy of about 3070 in 
case of Y0 = 0 and about 5% in case of 70 :/: 0 is ob- 
tained for t/" relative to [t/*[. During the measure- 
ments neither the values of the viscosities nor their ac- 
curacies howed any correlation with the value of the 
steady shear ate. Analyzing the dependence of the ac- 
curacy of the viscosity upon the uncertainty in R and 
X, one is able to estimate by means of propagation of 
errors the accuracy in t/' and t/" for a viscoelastic liq- 
uid: both At/' and At/" are smaller than 3070 of I t/*l 
without steady shear flow and smaller than 5% with 
a steady shear flow. 
6. Discussion and conclusion 
With the analysis given in Sect. 2, we are able to 
handle the problem of shear wave propagation in a, 
due to the steady-state shear flow, non uniform 
medium. Hence, also in a steady-state flow, the com- 
plex viscosity of a liquid can be measured using the 
impedance concept. 
Table 4. The reproducibility of the values for ~/of the calibration liquids with and without steady shear flow at 25 °C 
Sample Pendulum Viscosity (~0 = 0) Viscosity (Y0 :g 0) 
number [mPa. s] [mPa. s] 
hexane 1 0.30_+ 0.01 0.31 + 0.01 
2 0.30 + 0.01 0.31 _+ 0.01 
3 0.32_+0.01 0.32_+0.01 
4 0.30+_0.01 0.30+0.02 
ethanol 1 1.14 -+ 0.08 1.1 -+ 0.1 
2 1.12-+0.08 1.1 _+0.1 
3 1.15-+0.08 1.2_+0.1 
4 1.15_+0.05 1.1 _+0.1 
1-butanol 1 2.65 +_ 0.07 2.6 -+ 0.1 
2 2.62 +_ 0.08 2.62 -+ 0.04 
3 2.70_ 0.04 2.6 +_ 0.2 
4 2.60+0.04 2.6+-0.2 
DBP 1 16.2+-0.2 16.2+-0.3 
2 16.3+0.t 16.3_+0.2 
3 16.3+0.2 16.3-+0.3 
4 16.2-+0.2 16.2-+0.4 
DEHP 1 58. i -+ 0.7 58 +- 1 
2 58.3+0.5 58_+2 
3 58 +-1 58_+2 
4 58.2_+0.8 58_+3 
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In the previous section it has been demonstrated 
that the apparatus operates well for low viscous 
fluids, as indicated in Fig. 5. The accuracy in both r/' 
and r/" is about 3°7o of It/* [ at equilibrium, and about 
5% of It/* I in case of a steady shear flow, so the 
smallest elastic effect detectable G' is also about 3 %, 
respectively, 5o/0 of co l r/* I. 
By application of a lock-in technique the detection 
system is considerably improved and angular ampli- 
tudes as small as 2.10 -6 rad are detectable, ven with 
a rotating sample holder. Hence, also materials with 
a small linear regime (as expected for weakly floc- 
culating dispersions for instance) can be handled pro- 
perly. The variability of the oscillatory shear ampli- 
tude with a factor of about 50 enables to check this 
linearity. Next, we will extent he range of the instru- 
ment towards higher and lower shear rates. 
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